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Abstract 
We present results of a predictive model of the non-uniform thermionic electron emission 
from spatially heterogeneous material surfaces in a parallel diode. This model includes the effects 
of 3-D space charge, patch fields, and Schottky barrier lowering. The model predicts the 
temperature-limited (TL) emission, the full-space-charge-limited (FSCL) emission, and the 
smooth, rounded transition between TL and FSCL emission regions, which is the so-called “roll-
off” or “knee” feature of the emission current density-temperature 𝐽 − 𝑇 (Miram) or the emission 
current density-voltage 𝐽 − 𝑉 curves. The results demonstrate that a thermionic emission cathode 
with a spatial distribution of discrete-valued work functions will have a smooth transition between 
TL and FSCL regions for both Miram curves and 𝐽 − 𝑉  curves. This physics-based model of 
thermionic emission has demonstrated characteristics in agreement with experimental 
observations in emission tests, without any empirical equations or a priori assumptions of 
continuous work function distribution. The emission model established here has direct 
implications for modeling of electron emission from realistic, heterogeneous surfaces, which is a 
key research area for improved understanding of the interplay of emission physics, cathode 
materials engineering, and design of devices employing electron emission cathodes. 
 
Text 
Thermionic cathodes provide the electron source in numerous vacuum electronic devices 
(VEDs) applied to civilian, industrial, and scientific applications, such as communication devices, 
electron microscopes, electron beam lithography, ion thrusters, thermionic energy converters, and 
free electron lasers.1,2 A cathode surface with a single work function value, referred to as a 
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“uniform cathode” in this article, is the simplest physical model for a thermionic cathode. The 
physics of thermionic emission from a uniform cathode in a parallel diode has been thoroughly 
studied. The Richardson-Dushman equation3,4 with Schottky barrier lowering5 describes the 
temperature-limited (TL) emission current density of a uniform cathode. The Child-Langmuir 
law6,7 and Langmuir and Fry’s studies7,8 provide a model of the full-space-charge-limited (FSCL) 
emission. Scott’s and Eng’s works9,10 unified both the effects of Schottky barrier lowering and 
space charge and are able to predict the TL-FSCL transition region for a uniform cathode. However, 
the TL-FSCL transition region predicted from an emission model of a uniform cathode is 
characterized by a sharp transition. This predicted sharp transition differs markedly from 
experimental results of actual thermionic cathode emission measurements,10 which are 
characterized by a smoother, more gradual TL-FSCL transition in the Miram and the 𝐼 − 𝑉 curves. 
To date, the only models predicting a smooth TL-FSCL transition are not fully physics-based, and 
instead rely on empirical models such as the Longo-Vaughan equation11,12 or an a priori 
assumption of a continuous distribution of work functions13 on the cathode surface. The 
construction of a fully physics-based model would enable the in-depth study and understanding of 
the physical factors determining the characteristics of the emission current density as a function of 
temperature and applied voltage. These factors include the impact of not only the number, range, 
and distribution of the work function values on a cathode surface but also the sizes, shapes, and 
spatial arrangement of different work function patches. In turn, understanding the impact of these 
physical effects would be instrumental in advancing the state of understanding of the interplay of 
emission physics, cathode materials engineering, and design of devices employing electron 
emission cathodes. 
Experimental results including thermionic electron emission microscopy (ThEEM) images 
reveal that polycrystalline cathodes have a spatial distribution of work function and emit non-
uniformly.14–17 It is known that the non-uniform thermionic emission in a parallel diode is subject 
to the effects of 3-D space charge18, patch fields14,15, Schottky barrier lowering5, and the lateral 
motion of electrons18,19. Each of these effects has been studied in detail separately. While there is 
still no general, physics-based model unifying all of these effects, previous efforts have made 
advances in combining some subsets of the effects together. For example, the theory of the 
anomalous Schottky effect unifies the effects of patch fields and Schottky barrier lowering,20 and 
a recent study by Chernin et al.18 discusses the effects of 3-D space charge and the lateral motion 
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of electrons. A key result from the work of Chernin et al. is that the lateral motion of electrons has 
a minor effect on predictions of averaged emission current density when 3-D space charge effect 
is considered. Therefore, it is sufficiently accurate to predict the averaged emission current density 
under the assumption that the electrons are restricted to move one-dimensionally from cathode to 
the anode with no lateral momentum, which is equivalent to assuming an infinite magnetic field. 
In this article, we unify the effects of 3-D space charge, patch field, Schottky barrier lowering, and, 
based on the work from Chernin et al., neglect the lateral motion of electrons. We develop a model 
for the non-uniform thermionic emission from a heterogeneous surface in a perfect infinite parallel 
diode, and show that when correctly treated a relatively simple heterogeneous surface results in 
smooth and gradual TL-FSCL transitions as observed in experimental Miram curves and 𝐼 − 𝑉 
curves. 
For the model of thermionic emission from heterogeneous surfaces developed in this work, 
the cathode is located at 𝑧 = 0, and the anode at 𝑧 = 𝑑, where 𝑑 is the anode-cathode distance. It 
is assumed that the distribution of the electron energies follows a Maxwell-Boltzmann distribution, 
and that motion of the electrons between the cathode and the anode follows non-relativistic 
classical electrodynamic behavior. The total energy for each electron is conserved: 𝐸 =𝐸!(𝑥, 𝑦, 𝑧) + 𝑚𝑣"/2, where 𝐸!(𝑥, 𝑦, 𝑧) is the potential energy at position (𝑥, 𝑦, 𝑧), 𝑚 is the mass 
of an electron, 𝑣 is the velocity. In the absence of an energy barrier at the surface of the cathode, 
the emission current density J due to the electrons with energy between 𝐸 and 𝐸 + d𝐸 is:10 d𝐽(𝑥, 𝑦; 𝐸) = #$% exp :− &'&!(),+)%$ ; d𝐸,   (1) 
where 𝐴 = 4𝜋𝑚𝑒𝑘"/ℎ-  is the Richardson constant, 𝑒  is elementary charge, 𝑘  is Boltzmann’s 
constant, ℎ is Planck's constant, 𝑇 is temperature, and 𝐸.(𝑥, 𝑦) is the local Fermi energy level of 
the cathode. 
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Figure 1. Sketch of the potential energy 𝐸!(𝑥, 𝑦, 𝑧′) for a given (𝑥, 𝑦) as a function of 𝑧′ (black 
curve). For a given position (𝑥, 𝑦, 𝑧)  (blue plus mark), its cathode-side barrier 𝐸'(𝑥, 𝑦, 𝑧)  is 
marked as red cross, and its anode-side barrier 𝐸/(𝑥, 𝑦, 𝑧) as green cross. (a) and (b) are examples 
for the case of 𝐸'(𝑥, 𝑦, 𝑧) ≥ 𝐸/(𝑥, 𝑦, 𝑧), while (c) and (d) for 𝐸'(𝑥, 𝑦, 𝑧) < 𝐸/(𝑥, 𝑦, 𝑧). 
 
Figure 1 shows sketches of the potential energy 𝐸!(𝑥, 𝑦, 𝑧′) for a given (𝑥, 𝑦) as a function 
of 𝑧′  for different cases. For a given position (𝑥, 𝑦, 𝑧) , we define its cathode-side barrier as 𝐸'(𝑥, 𝑦, 𝑧) = max01	3"13𝐸!(𝑥, 𝑦, 𝑧4) and anode-side barrier as 𝐸/(𝑥, 𝑦, 𝑧) = max31	3"15 𝐸!(𝑥, 𝑦, 𝑧4). The 
values of 𝐸' and 𝐸/ determine how many electrons are able to reach the position (𝑥, 𝑦, 𝑧), in the 
case that the lateral motion of electrons is neglected. 
Considering the positions (𝑥, 𝑦, 𝑧) satisfying 𝐸'(𝑥, 𝑦, 𝑧) ≥ 𝐸/(𝑥, 𝑦, 𝑧), electrons emitted 
from the cathode surface at position (𝑥, 𝑦, 0) with energy 𝐸 ≥ 𝐸' can pass through the cathode-
side barrier and reach the position (𝑥, 𝑦, 𝑧) as they move toward the anode. The charge density for 
positions (𝑥, 𝑦, 𝑧) where 𝐸'(𝑥, 𝑦, 𝑧) ≥ 𝐸/(𝑥, 𝑦, 𝑧) has the form: 𝜌(𝑥, 𝑦, 𝑧) = −∫ 6789&:&# = −∫ 67;"(&'&$)/=9&:&# ,			𝐸'(𝑥, 𝑦, 𝑧) ≥ 𝐸/(𝑥, 𝑦, 𝑧), (2) 
where the electron velocity 𝑣 = J2(𝐸 − 𝐸!)/𝑚. 
However, for any position (𝑥, 𝑦, 𝑧)  where 𝐸'(𝑥, 𝑦, 𝑧) < 𝐸/(𝑥, 𝑦, 𝑧) , electrons emitted 
from the cathode surface at (𝑥, 𝑦, 0) with energy 𝐸 ≥ 𝐸' can still pass through the cathode-side 
barrier and reach the position (𝑥, 𝑦, 𝑧). Electrons with energy 𝐸' ≤ 𝐸 < 𝐸/ will be reflected back 
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toward the cathode by the higher anode-side barrier and pass through the location (𝑥, 𝑦, 𝑧) , this 
time moving back toward the cathode. Therefore, the charge density for positions (𝑥, 𝑦, 𝑧) where 𝐸'(𝑥, 𝑦, 𝑧) < 𝐸/(𝑥, 𝑦, 𝑧) has the form: 𝜌(𝑥, 𝑦, 𝑧) = − L∫ 67;"(&'&$)/=9&:&# + ∫ 67;"(&'&$)/=&%&:&# M,			𝐸'(𝑥, 𝑦, 𝑧) < 𝐸/(𝑥, 𝑦, 𝑧), (3) 
Substituting Equation 1 into Equations 2 and 3, we obtain a closed-form expression of the 
relation between the potential energy 𝐸!(𝑥, 𝑦, 𝑧) and the charge density 𝜌(𝑥, 𝑦, 𝑧):  
𝜌(𝑥, 𝑦, 𝑧) = ⎩⎪⎨
⎪⎧ −.!"#$%𝐴𝑇# exp 4− &!((,*,+)-&"((,*)$% 5 erfc 9.&#((,*,+)-&!((,*,+)$% :,			𝐸-(𝑥, 𝑦, 𝑧) ≥ 𝐸.(𝑥, 𝑦, 𝑧)−.!"#$%𝐴𝑇# exp 4− &!((,*,+)-&"((,*)$% 5 >2 erfc 9.&#((,*,+)-&!((,*,+)$% : − erfc 9.&$((,*,+)-&!((,*,+)$% :@,			𝐸-(𝑥, 𝑦, 𝑧) < 𝐸.(𝑥, 𝑦, 𝑧), (4) 
where erfc is the complementary error function. 
 The electrostatic potential 𝑉  and the charge density 𝜌  satisfy Poisson’s equation, and 
therefore the 3-D space charge effect is included in this model: ∇"𝑉(𝑥, 𝑦, 𝑧) = − >(),+,3)?& , (5) 
where 𝜖0 is the vacuum permittivity. 
The boundary condition for the cathode surface is10,20–22 𝑉(𝑥, 𝑦, 𝑧 = 0) = − &!(),+)/@(),+)A , (6) 
where 𝐸.(𝑥, 𝑦) and 𝜙(𝑥, 𝑦) are the local Fermi level and the local work function of the cathode, 
respectively. 
Similarly, the boundary condition for the anode surface is10 𝑉(𝑥, 𝑦, 𝑧 = 𝑑) = − &!,()*+,(),+)/@()*+,(),+)A , (7) 
where 𝐸.,BCD6E(𝑥, 𝑦) and 𝜙BCD6E(𝑥, 𝑦) are the local Fermi level and the local work function of the 
anode, respectively. 
At thermodynamic equilibrium, the Fermi level is equal throughout a conductor. In the case 
of a conductive cathode and a conductive anode, 𝐸.(𝑥, 𝑦) is a constant value throughout the 
cathode and 𝐸.,BCD6E(𝑥, 𝑦) is a constant value throughout the anode. Although the cathode is at a 
higher temperature than other parts in typical operating conditions, the extra voltage between the 
cathode and the anode due to the thermoelectric effect is in the scale of tens of millivolts, which is 
negligible compared with the applied voltage between the cathode and the anode 𝑉FG, which is 
usually in the scales of hundreds of volts or higher. Neglecting the thermoelectric effect, the anode-
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cathode Fermi level difference is 𝐸.,BCD6E − 𝐸. = −𝑒𝑉FG, where 𝑉FG is the anode-cathode voltage 
as measured by a voltmeter in experiments. For the present model if we let 𝐸. = 0 then 𝐸.,BCD6E =−𝑒𝑉FG. In this case, the boundary conditions are 𝑉(𝑥, 𝑦, 𝑧 = 0) = −𝜙(𝑥, 𝑦)/𝑒 and 𝑉(𝑥, 𝑦, 𝑧 =𝑑) = 𝑉FG − 𝜙BCD6E(𝑥, 𝑦)/𝑒. The cathode surface is a non-equipotential surface, and the patch 
field effect is included. 
Considering the Schottky effect near the cathode surface, the potential energy 𝐸H takes the 
form: 𝐸H(𝑥, 𝑦, 𝑧) = −𝑒𝑉(𝑥, 𝑦, 𝑧) − A-IJK?&3, (8) 
where  −𝑒"/(16𝜋𝜖0𝑧) is the energy term representing the image charge effect. 
The non-uniform thermionic emission model can be solved by solving the system of 
Equations 4-8. A numerical method to solve this system of nonlinear equations is to solve them by 
iterations of 𝐸! → 𝜌 → 𝑉 → 𝐸! until convergence is obtained. One of the algorithms to solve the 
Poisson’s equation in the step 𝜌 → 𝑉 involves a Fourier transformation for the 𝑥 and 𝑦 directions 
and the Thomas algorithm for the 𝑧 direction.18 Once 𝐸!(𝑥, 𝑦, 𝑧) is solved, one is able to calculate 
the maximum barrier 𝐸!,LBM(𝑥, 𝑦) = max01315 𝐸!(𝑥, 𝑦, 𝑧), and the corresponding emission current 
density 𝐽(𝑥, 𝑦) = 𝐴𝑇" exp[−𝐸!,LBM(𝑥, 𝑦)/(𝑘N𝑇)]. The averaged emission current density of the 
cathode can be obtained by averaging 𝐽(𝑥, 𝑦) over the whole cathode surface.  
In the following results, we assess the predicted emission from our model and evaluate how 
each physical effect impacts the emission by comparing the results for the cases where some subset 
or all of the three physical effects are considered. The no-patch-field results are obtained under the 
assumption that the cathode surface is an equipotential surface, which, without loss of generality, 
is assumed to be zero, i.e. 𝑉(𝑥, 𝑦, 𝑧 = 0) = 0 , and therefore 𝐸.(𝑥, 𝑦) = −𝜙(𝑥, 𝑦) , and the 
potential of the anode surface is assumed to be 𝑉(𝑥, 𝑦, 𝑧 = 𝑑) = 𝑉FG . The results without the 
Schottky effect are obtained by omitting the image charge term −𝑒"/(16𝜋𝜖0𝑧)	in Equation 8. The 
results without space charge are obtained by solving the maximum barrier 𝐸!,LBM(𝑥, 𝑦) at zero 
temperature when there is no space charge, with the assumption that the maximum barrier 𝐸!,LBM(𝑥, 𝑦) remains the same at finite temperatures. The results considering the 1-D space charge 
effect without the patch field effect are obtained under the assumption that each patch emits 
independently, where we replace the 3-D Laplace operator ∇"  in Equation 5 with the 
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corresponding 1-D operator 𝜕"/𝜕𝑧". The results considering the 1-D space charge effect with the 
patch field effect are obtained in the following order: (1) Solve the model with patch fields included 
at zero temperature to get the potential energy 𝐸!I. (2) Solve the model without patch field effects 
at zero temperature to get the potential 𝐸!". (3) Assume the additional potential energy due to 
patch field is 𝐸O. = 𝐸!I − 𝐸!". (4) Solve the model after replacing the 3-D Laplace operator ∇" 
in Equation 5 with the corresponding 1-D operator 𝜕"/𝜕𝑧" and adding a term 𝐸O. to the right side 
of Equation 8. 
 In this work, we use a model heterogeneous surface characterized by a checkerboard spatial 
distribution of work functions, as shown in Figure 2. Similar checkerboard distributions have been 
used in many previous studies of non-uniform emission.14,15,23,24 Here, a checkerboard model 
surface with work function values of 𝜙I = 2	eV and 𝜙" = 2.5	eV and with square size 𝑎	 = 	5	µm 
is used. These work function values are typical values for sintered porous tungsten (dispenser) 
cathodes and the square size is the typical grain size.2,19,25,26 The anode-cathode distance 𝑑 is 
chosen to be 1 mm. To better compare the model results with and without the inclusion of the 
patch field effect, it is assumed that the anode has a work function of 2.25 eV, equal to the mean 
work function of the cathode. Under this assumption, the averaged voltage between the cathode 
surface and the anode surface is 𝑉FG for both cases. 
 
Figure 2. Model heterogenous emission surface characterized as a checkerboard of spatial 
distributions of work function. In this work, values of 𝜙I = 2	eV and 𝜙" = 2.5	eV and square size 𝑎	 = 	5	µm are used. 
 
Figure 3 contains predicted 𝐽 − 𝑇  (Miram) and 𝐽 − 𝑉  (or 𝐼 − 𝑉 ) curves separately 
showing the effect of space charge at the level of 1-D and 3-D, patch fields, and Schottky barrier 
lowering on the resulting emission current density. From Figure 3, some qualitative, general 
features of the current density as a function of T and V emerge based on the inclusion of different 
a
2
1
1
2
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physical effects. The inclusion of space charge effects reduces the total emission, where 1-D space 
charge results in greater reduction in total emission than 3-D space charge. The inclusion of patch 
fields also reduces the total emission. Finally, the Schottky effect increases the emission by 
reducing the emission surface barrier. These general findings are consistent with a number of 
previous studies5,7–10,18.  
In the predicted 𝐽 − 𝑇 curves (Figure 3a), all of the 𝐽 − 𝑇 curves with no space charge 
effects (dotted curves) increase exponentially. This behavior occurs regardless if the patch field 
and Schottky effects are considered, and approximately follows the behavior of the Richardson-
Dushman equation. Results of 1-D space charge without the patch field effect (dashed red and 
dashed blue curves) give peculiar stepped curves qualitatively inconsistent with experiment, 
calling into question the assumption that each patch emits independently. Figures 3a and 3c, 
illustrate that the 3-D space charge effect itself (solid blue curve) does not make the TL-FSCL 
transition region smooth. However, smooth TL-FSCL transition regions are observed when both 
3-D space charge and patch field effects are included together (solid green and solid yellow curves). 
Compared with space charge and patch field effects, the Schottky effect is minor in determining 
the shape of the 𝐽 − 𝑇 curves, and only acts to make the transition slightly smoother (solid red vs. 
solid blue curves, and solid green vs. solid yellow curves, best observed in Figure 3c). 
Figure 3b and Figure 3d show the predicted 𝐽 − 𝑉 curves. In Figure 3b and Figure 3d, 
all curves without the Schottky effect (yellow and blue curves) converge to values one would 
obtain from the Richardson-Dushman equation at the TL regions (high voltage end). In addition, 
all curves with the Schottky effect included (green and red curves) show the asymptotic Schottky 
behavior of the current density at high voltages, as observed in experiments. The curves which 
ignore space charge effects (dotted curves) give the expected asymptotic behavior at the high 
voltage limit. Contrary to what was observed for the 𝐽 − 𝑇 curves, the green, yellow, and red 𝐽 −𝑉 curves in Figure 3b and Figure 3d show that both patch field and Schottky effects contribute 
to the smoothness of the TL-FSCL transition. Although the behavior of the 𝐽 − 𝑇 curves with 1-D 
space charge in Figure 3a differs substantially from typical experimental curves, the behavior of 
the 𝐽 − 𝑉  curves with 1-D space charge effects in Figure 3b is qualitatively similar with the 
corresponding 𝐽 − 𝑉 curves when 3-D space charge effects are included. 
Both the 𝐽 − 𝑇 and 𝐽 − 𝑉 curves are commonly used to evaluate the cathode performance 
and it is therefore critical for an emission model to accurately predict the behavior of both curves. 
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Among the twelve cases plotted in Figure 3, only the case where all the effects of 3-D space charge, 
patch fields, and Schottky barrier lowering are considered (solid green curves) predicts a smooth 𝐽 − 𝑇 (i.e., a smooth TL-FSCL transition with temperature and a smooth Miram curve knee) and 𝐽 − 𝑉 curve with the Schottky behavior, thereby reproducing the known experimental cathode 
emission behavior as both a function of temperature and applied voltage. 
 
Figure 3. Predicted (a) 𝐽 − 𝑇  (Miram) curves at applied voltage 𝑉FG = 500	V  and (b) 𝐽 − 𝑉 
curves at temperature 𝑇 = 1400	K with various combinations of space charge (SC), patch field 
(PF), and Schottky barrier lowering (Sch) effects considered. (c) and (d) focus on the TL-FSCL 
transition region of (a) and (b), respectively, for the case of 3-D space charge with and without the 
effect of patch fields and Schottky barrier lowering. See the supplementary material for the data. 
 
Overall, we have shown that for predicting  𝐽 − 𝑇 curves, the space charge effect and the 
patch field effect each play a more important role than the Schottky effect in determining the shape 
of the TL-FSCL transition. On the other hand, for predicting 	𝐽 − 𝑉 curves, the Schottky effect is 
essential to predict asymptotic Schottky behavior of the current density at high voltages. Even with 
the simple heterogenous work function distribution considered in this work, consisting of only two 
discrete work function values, the predicted TL-FSCL transition regions are smooth for both the 𝐽 − 𝑇  and 𝐽 − 𝑉  curves, in agreement with experimental observations on real cathodes. The 
1200 1400 1600
Temperature (K)
0
1
2
3
J
(A
/cm
2 )
(a)
1300 1350 1400 1450
Temperature (K)
1.8
2
2.2
2.4
2.6
2.8
J
(A
/cm
2 )
(c)
0 1000 2000
Applied voltage (V)
0
5
10
J
(A
/cm
2 )
(b)
800 1000 1200 1400
Applied voltage (V)
6
7
8
J
(A
/cm
2 )
(d)
no no no
no no with
no with no
no with with
1-D no no
1-D no with
1-D with no
1-D with with
3-D no no
3-D no with
3-D with no
3-D with with
SC PF Sch
 10 
present model results illustrate that neither empirical equations such as the Longo-Vaughan 
equation11,12 nor an a priori assumption of a continuous distribution of work functions on the 
emitting surface13 are necessary to generate a smooth TL-FSCL transition, assuming the effects of 
3-D space charge, patch fields, and Schottky barrier lowering are all taken into consideration. This 
result demonstrates the value of the developed model in predicting the non-uniform thermionic 
emission from a heterogeneous cathode surface and suggests that the smooth behavior observed in 
experiments is consistent with relatively simple work function distributions on surfaces. Although 
the effects of space charge, patch fields, and Schottky barrier lowering have been studied 
separately, this work has unified all of these effects and applied the resulting model to predict the 
emission current density as a function of temperature and applied voltage for TL and FSCL regions, 
and, crucially, the transition region between TL and FSCL regions. We anticipate the emission 
model presented here will enable further explorations and understanding of the interplay of surface 
materials properties and physics of a cathode, not only including the distribution of the values of 
work function values but also their spatial arrangement, and the resulting engineering and design 
of an array of devices incorporating thermionic cathodes. 
 
See the supplementary material for the data plotted in Figure 3. 
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